On the generation of linear groups by combinatoric groups by Bayak, I. V.
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B<;Zyd
Hihjh`^_gbbebg_cguo]jmii
dhf[bgZlhjgufb]jmiiZfb
J_axf_HibkZgZ]jmiiZklj_ehqguoih^klZgh\hdbijhp_^mjZ]_g_jZpbb
iheghcebg_cghc]jmiiubg_dhlhjuo__ih^]jmii
1.  =jmiiZklj_ehqguoih^klZgh\hddZdjZkrbj_gb_kbff_ljbq_kdhc
]jmiiu
<dhf[bgZlhjguoihkljh_gbyo^Zggh]himgdlZ[_ah[tykg_gbybkihevam_lky
ihgylb_pbdeZ[1@bkbkl_fuihjh`^Zxsbo>@<hklZevghf,baeh`_gb_
eh]bq_kdbaZfdgmlhbg_lj_[m_l^hihegbl_evguokkuehdBlZdimklv
{ }, Q=  , IIs →: [b_dpbyZ ( ) ( )( )( )ississIIss ′=′→′ : dhfihabpby
[b_dpbcLh]^Zfgh`_kl\h\k_o  !n [b_dpbc { } sS = hlghkbl_evgh
ijhba\_^_gby :SSS →×  ( ) ssss ′→′, khklZ\ey_l]jmiimih^klZgh\hd
kbff_ljbq_kdmx]jmiimkl_i_gb n <f_kl_kl_ffgh`_kl\h\k_oq_lguo
[b_dpbckhklZ\ey_lih^]jmiim +S ]jmiiu S dhlhjZy\h[s_fkemqZ_
ihjh`^Z_lkypbdeZfbZbf_ggh ( ) ( ){ }IkjinS ,,=+ ]^_ 3≥n b kji ≠≠ gh
_keb 2,1=n lh ( ) =+ 1S  ( ) eS =+ 2 ]^_ e lh`^_kl\_ggZyih^klZgh\dZ
ImklvlZd`_ { }$ Q= ± ± Z AIp →: lZdZybgt_dpbyqlh S , , →  -
[b_dpbyijbq_fkms_kl\m_ldhfihabpbywlbobgt_dpbc :: AIpp →′
( ) ( )( ) ( )( )ippipipp ′=′ sgn Lh]^Zfgh`_kl\h\k_o !2 nn [b_dlb\guoihfh^mex
bgt_dpbc { }3 S= hlghkbl_evghhij_^_e_gghcjZg__dhfihabpbbl_
ijhba\_^_gby ( )3 3 3 S S S S× → ′ → ′  khklZ\ey_l]jmiimgZau\Z_fmxgZfb
]jmiihcklj_ehqguoih^klZgh\hdnckl_i_gb<f_kl_kl_fklj_ehqgZy
ih^klZgh\dZgZau\Z_lkyklj_ehqghcljZgkihabpb_c_kebwlhwe_f_glZjgZy
i_j_klZgh\dZl_ ( ) ( )S O S PM M+ = , ( ) ( )S P S OM M+ = , ( ) ( )S L S LM M+ = ^ey
O P L , L O P  ∈ ∧ ≠ bebwe_f_glZjgZybg\_jkbyl_ ( ) ( )S N S NM M+ = − ,
( ) ( )S L S LM M+ = ^ey N L , L N ∈ ∧ ≠ b]^_ j j_dmjkb\gucbg^_dk i [_]msbc
bg^_dk
IhZgZeh]bbkijhklufbih^klZgh\dZfb\kydZyklj_ehqgZyih^klZgh\dZ
fh`_l[ulvihemq_gZdhfihabpb_cklj_ehqguoljZgkihabpbcZq_lghklv
klj_ehqghcih^klZgh\db p hij_^_ey_lkyq_lghklvxqbkeZklj_ehqguo
ljZgkihabpbc^eyi_j_oh^Zd p Ijbwlhfq_lghklvih^klZgh\db p
bg\ZjbZglgZhlghkbl_evgh\u[hjZdhfihabpbbljZgkihabpbc^eyi_j_oh^Zd
p l_ ( ) ( ) ( ) ( )− = − =  σ σS S  ( ) ( )− σ S ]^_ ( )σ S b ( )σ  S dhebq_kl\h
ljZgkihabpbc\dhfihabpbbbkhhl\_lkl\_gghZ ( ) ZZp 2/∈σ . BlZd_keb
( ) ( )− = σ S lh p q_lgZyih^klZgh\dZ_keb`_ ( ) ( )− = − σ S lh p g_q_lgZy
ih^klZgh\dZFgh`_kl\h\k_oq_lguoklj_ehqguoih^klZgh\hdkhklZ\ey_l
ih^]jmiim +P ]jmiiu P dhlhjZy\h[s_fkemqZ_ihjh`^Z_lky]_g_jZlhjZfb
2( ):, kj −  ( ) iijkkj →→−→  , , ]^_ kji ≠≠ Zbf_ggh ( ) ( ){ }kjnP −=+ , gh
_keb 1=n lh ( ) eP =+ 1 lh`^_kl\_ggZyklj_ehqgZyih^klZgh\dZ
>Ze__imklv { }, N =   , { }, N Q = +   , , , ,  = , ( )11 Iss = , ( )22 Iss = .
Lh]^Z s fh`ghij_^klZ\blvdZdkhklZ\gmxih^klZgh\dm 21 ss × khklhysmxba
ih^klZgh\dbihf_klm , bih^klZgh\dbihf_klm ,  l_bajZaf_s_gbc 1s b
2s <f_kl_kl_fjZaf_s_gb_ ( )21 ss gZau\Z_lkyljZgkihabpb_cihf_klm ( ), ,  ,
_kebwlhwe_f_glZjgZyi_j_klZgh\dZ\gmljb ( ), ,  bebwe_f_glZjgh_
aZf_s_gb_Zbf_ggh^eyaZf_s_gbyba 2I \ 1I bf__f ( ) ( )msls jj =+11 ,
( ) ( )isis jj 111 =+ ]^_P , O L , L O∈ ∈ ∧ ≠   Z^eyaZf_s_gbyba 1I \I2 bf__f
( ) ( )msls jj =+12 , ( ) ( )isis jj 212 =+ ]^_P ,∈   O L , L O ∈ ∧ ≠ Q_lghklvkhklZ\ghc
ih^klZgh\db 21 ss × aZ^Z_lkyq_lghklvx__jZaf_s_gbcl_qbkehf
( ) ( ) ( ) ( )21 11 ss σσ −⋅− ]^_ ( )1sσ , ( )2sσ nZdlhjbah\Zggh_qbkehljZgkihabpbcih
f_klm , , ,  ^eyi_j_oh^ZdjZaf_s_gbx 1s , 2s khhl\_lkl\_gghIjbwlhf_keb
( ) ( ) ( ) ( ) 111 21 =−⋅− ss σσ lh 21 ss × gZau\Z_lkyq_lghkhklZ\ghcih^klZgh\dhcZ
fgh`_kl\h\k_oq_lghkhklZ\guoih^klZgh\hdkhklZ\ey_lih^]jmiim ( )knkS −+ ,
]jmiiu ( )nS dhlhjZy\h[s_fkemqZ_ihjh`^Z_lkypbdeZfb^_ckl\mxsbfb
\gmljbih^fgh`_kl\bijhba\hevgufpbdehf^_ckl\mxsbff_`^m 1I b 2I Z
bf_ggh ( ) ( ){ } ( ) ( ){ }
21
,,,,,,,, II ojimlojiknkS =−+ ]^_ 1Il ∈ Z 2Im ∈ .
<k\hxhq_j_^vihkdhevdmihgylb_khklZ\ghcih^klZgh\db^himkdZ_l
_kl_kl\_ggh_jZkrbj_gb_\]jmiimklj_ehqguoih^klZgh\hdlhfgh`_kl\h\k_o
q_lghkhklZ\guoklj_ehqguoih^klZgh\hdkhklZ\ey_lih^]jmiim ( )knkP −+ ,
]jmiiu ( )nP dhlhjZy\h[s_fkemqZ_ihjh`^Z_lky]_g_jZlhjZfb ( )ji −, ,
^_ckl\mxsbfb\gmljbih^fgh`_kl\bijhba\hevghciZjhc]_g_jZlhjh\
( )ml,± ^_ckl\mxs_cf_`^mgbfb]^_ ( ) , ml+ wlhwe_f_glZjgZyi_j_klZgh\dZ
Z ( ) , ml− wlhi_j_klZgh\dZkbg\_jkbyfbl_ ( ):, ml−  ( ) ( )lmml −→−→ , L_f
kZfufbf__f ( ) ( ){ } ( ) ( ){ }
21
,,,,,, II jimljiknkP −±−=−+ ]^_ 1Il ∈ Z 2Im ∈ .
>Ze__ij_`^_q_fijbklmiblvdfZljbqghcj_ZebaZpbb]jmiiuklj_ehqguo
ih^klZgh\hdhij_^_ebf^_l_jfbgZglih^fgh`_kl\Zkljhdd\Z^jZlghcfZljbpu
Imklv  , , E , ,
∗ ⊂ →   - [b_dpbylh]^Z ( )E , , ,∗ ∗ → bgt_dpbyl_
ih^klZgh\dZihf_klm ,∗ bebjZaf_s_gb_?keb E , ,∗ ∗ → ijhba\hevgZy
bgt_dpbylh ( ){ } { }E , E∗ ∗≈ bq_lghklvjZaf_s_gby E∗ hij_^_ey_lkyqbkehf
( ) ( )− ∗ σ E ]^_ ( )σ E∗ dhebq_kl\hljZgkihabpbc^eyi_j_oh^Zhl H∗ d E∗ ]^_ H∗  -
lh`^_kl\_ggh_hlh[jZ`_gb_L_fkZfuf_keb ( )$ DLM L M ,= ∈ , ( ) ( )$ , DLM L , M ,∗ ∈ ∈= ∗  ,
lh]^ZijbgbfZ_fqlh ( )( )GHW $ , ∗ =  ( )( ) ( ){ }∑∏∗ ∗
∗
∗
∈
−
b Ii
b
iiba
σ1 .
Imklvl_i_jv ( ){ }DLM , fgh`_kl\h\k_oi_j_oh^guofZljbpl_lZdbo
d\Z^jZlguofZljbp\dhlhjuodZ`^ucklhe[_pbdZ`^ZykljhdZbf_xlh^bgb
lhevdhh^bgg_gme_\hcwe_f_glijbq_f_kebDLM ≠  lh { }DLM ∈ ±  Lh]^Z^ey
3]jmiiuklj_ehqguoih^klZgh\hdP(n)bf__fbahfhjnbaf ( ) ( ){ }3 Q DLM L M ,≈ ∈ ]^_
( )( )ipaij sgn=  ( )ipj =∀ b 0=ija  ( )ipj ≠∀ Djhf_lh]h ( )3 ,+ ≈
( ){ } 1det +=Aa
Iij Z ( ) ( ) ( ) ( ){ } 1\detdet\, +=≈ ∗∗∗∗+ IIAIAaIIIP Iij ]^_ ( )3 ,+ ,
( )∗∗+ IIIP \, ih^]jmiiuq_lguobq_lghkhklZ\guoklj_ehqguoih^klZgh\hd
khhl\_lkl\_ggh <f_kl_kl_f_keb { }- P=  ; P Q≤ ; { }, ,- M -≡ ]^_
( ), , , FDUG , Q Q QM
P
M
P
M M M
P
 = = ∅ = =∑     ijbq_fih^k_f_ckl\h , M+
aZihegy_lkyihke_^h\Zl_evghc\u[hjdhcba , \ke_^aZaZiheg_gb_f , M Z
{ }, Q =  lh ( ) ( )≈≡ ++ mJ nnPIP ,..,1 ( ) ( ) ( ){ } 1detdet 1 +=⋅⋅ mij IAIAa .
2.  =jmiiZklj_ehqguoih^klZgh\hddZd]_g_jZlhjiheghcebg_cghc
]jmiiu
Imklv { } 0 >∈≡+ xRxR ; ( )nRP ]jmiih\ZyZe]_[jZgZ^ R k[Zabkhf ( )nP ,
dhlhjZyihjh`^Z_lkydZdebg_cgZyh[hehqdZgZlygmlZygZ]jmiim ( )nP l_
( ) ( )nPnRP = ; ( )nGP fmevlbiebdZlb\gZy]jmiiZZe]_[ju ( )nRP Z
( ) ( ) +≡ RnGPnRPAut / ]jmiiZZ\lhfhjnbafh\wlhc`_Ze]_[juLh]^Zbf__l
f_klhhkgh\gh_ml\_j`^_gb_
Lemma 1: ( ) ( )nMLREndnRP n ≡≈  , ( ) ( )nGLRGLnGP n ≡≈ ,
( ) ( ) ( )nPnSLnRPAut , ≈
>_ckl\bl_evghihkdhevdm ( )nP j_Zebam_lkyfgh`_kl\hfi_j_oh^guofZljbp
( )IA badhlhjuo\k_]^Zfh`gh\u[jZlv 2n ebg_cghg_aZ\bkbfuofZljbplh
( )IA \dexqZ_l\k_[ybg_dhlhjuc[ZabkijhkljZgkl\Z ( )nML bf_xs_]h
jZaf_jghklv
2
n Zke_^h\Zl_evghebg_cgZyh[hehqdZgZlygmlZygZ ( )IA ,
kh\iZ^Z_lk ( )nML <k\hxhq_j_^vihkdhevdm ( ) ( ) ( ) ERIAnSLnGL ⋅= +,, ]^_
E _^bgbqgZyfZljbpZlh ( ) ( ) ( )nPnSLRnGL ,/ ≈+ be_ffZ^hdZaZgZ
>hihegbl_evgufbklhqgbdhfijhp_^mjuihjh`^_gbyebg_cguo]jmii
kem`blml\_j`^_gb_h]_g_jZpbbh[s_cebg_cghc]jmiiu
Lemma 2:
Imklv ( )[ ]
n
ji
jiji GLdiagGL 1,..,2,..,1
,
,,
≡ ]^_ ji ≠ ijbq_f\_jogb_
bg^_dkumdZau\Zxlghf_jZkljhdZgb`gb_ghf_jZklhe[ph\gZ
i_j_k_q_gbbdhlhjuojZkiheZ]Z_lky]jmiiZ ( )2GL Lh]^Z
( ) { } { }
IiiIji GLGLnGL 1,, +== .
 >_ckl\bl_evghihkdhevdm ( ) ( ){ } ( ){ }
IiiIji PPnP 1,, 22 +== ]^_ ( ) jiP ,2  -
ih^]jmiiZklj_ehqguoih^klZgh\hdkl_i_gb n bahfhjngZy]jmii_ ( )2P ,
4dhlhjZyij_^klZ\e_gZfgh`_kl\hfklj_ehqguoih^klZgh\hdihf_klm  , ji lh
( ) ( ){ }
IjiGPnGP ,2= gh ( ) jiji GLGP ,,2 ≈ Zke_^h\Zl_evghe_ffZ^hdZaZgZ
>Ze__imklv^Zgupbdebq_kdb_]jmiiuklj_ehqguoih^klZgh\hd\lhjhc
kl_i_gb ( ) 



−
≈
+
01
10
2P , ( ) 



≈
+
01
10
1,1P  , ( ) 



−
≈
−
10
01
2P dhlhju_
\f_kl_kljb\bZevghcih^]jmiihcbkq_jiu\Zxl\k_ih^]jmiiu]jmiiu ( )2P .
Lh]^Zihke_we_f_glZjguoihkljh_gbcbf__fbahfhjnbafu ( )≈+ 2 RPAut
≡




∈



−
Rx
xx
xx
,
cossin
sincos ( )2SO , ( )≈+ 1,1 RPAut  ≡




∈



± Rx
chxshx
shxchx
,  ( )1,1SO ,
( )≈− 2 RPAut  ( )2,
0
0 STRx
e
e
x
x
≡

 ∈



±
−
Zihkdhevdm ( )=2P
( ) ( ) ( )21,12 −++ ⊕⊕ PPP lh ( )=2GL  ( ) ( ) ( ) ( ) +RPSTSOSO ,2,2,1,1,2 bihwlhfm
( ) ( ) ( ) ( )2,1,1,22 STSOSOSL = Imklvl_i_jv ( ) ( )[ ]
n
ji
jiji SOdiagSO 1,..,2,..,12
,
,,
≡ lh]^Z
( )≈+ nRPAut  ( ){ } ( )nSOSO
Iii
=+1,2 :gZeh]bqgh_keb ( ) ≡jiSO ,1,1
( )[ ]
n
ji
jiSOdiag 1,..,1,1,..,1
,
,
lh ( )≈−+ mnmRPAut , 
( ){ } ( ) ( ){ } ( )mnmSOSOSOSO
IiimmIii
−=+++ ,2,1,1,2
21
1,1,1, ;he__lh]h\hafh`gh
jZkrbj_gb_ki_pbZevghchjlh]hgZevghc]jmiiuZbf_ggh
( )≈+ JIRPAut ( ){ }{ } ( ){ } ( )JJnnJIii ISOSOSO jjj ≡++ 1,1, 1,1,2 ?keb`_ ≡jiSL ,
( )[ ]
n
ji
jiSLdiag 1,..,2,..,1
,
,
lh ( ) { } ( )nSLSLnRPAut
Iii
== +
+
1, ]^_ ( )nRPAut +  -
Z\lhfhjnbafuZe]_[jukhojZgyxsb___hjb_glZpbxl_ ( )=nRPAut 
( ) ( )nPnRPAut ,+ .
<p_ehfihgylghqlh\k_\hafh`gu_ih^]jmiiu]jmiiuklj_ehqguo
ih^klZgh\hdihjh`^Zxl\k_\hafh`gu_ebg_cgu_]jmiiu\lhfqbke_±
mgblZjgu_kbfie_dlbq_kdb_bl^bihwlhfmaZ^ZqZdeZkkbnbdZpbbhibkZgby
bdhgkljmbjh\Zgbyebg_cguo]jmiik\h^blkydj_r_gbxlZdhc`_aZ^Zqb^ey
ih^]jmiidhg_qghc]jmiiu
1. Dmjhr:=Dmjk\ukr_cZe]_[juFhkd\ZGZmdZ±
2. <bg[_j]W;DmjkZe]_[juFhkd\ZNZdlhjbZe±
